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Abstract
CrCl2 and CrF2 with the distorted Rutile-type crystal structure are known to exhibit diﬀerent
antiferromagnetic (AF) structures at low temperatures. CrF2 has a simple Ne´el structure in
common with other ﬂuorides, whereas CrCl2 exhibits a characteristic layered AF structure. We
provide a simple scenario to understand the emergence of such layered AF structure on the
basis of an orbital degenerate double-exchange model on the Rutile-type structure lattice.
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1 Introduction
It has been well known that CrCl2 and CrF2 with the distorted Rutile-type crystal structure
exhibit paramagnetism at a room temperature, whereas at low temperatures, they exhibit
diﬀerent antiferromagnetic (AF) structure [1, 2]. Namely, CrF2 possesses the ground state with
the simple Ne´el structure in common with other ﬂuorides. On the other hand, CrCl2 exhibits
peculiar layered AF structure. The research on the magnetism of chromium compounds is very
old, but recently, new interests on these materials have revived from a viewpoint of orbital
degree of freedom and Jahn-Teller eﬀect [3].
Since Cr ion is divalent in chromium dihalides, we consider the electron conﬁguration 3d4
with one electron in eg and three electrons in t2g orbitals. We notice that this is just the same
electron conﬁguration as Mn3+ in manganese oxides. Here we recall that the complicated mag-
netism in manganese oxide is explained by the competition between the itinerant and localized
natures of electrons [4, 5, 6, 7]. Namely, eg electrons smoothly move in the ferromagnetic (FM)
t2g spin arrangements with the penalty of magnetic energy, while they are localized for AF t2g
spins with the gain of magnetic energy. The situation is well described by the so-called double-
exchange model. Our purpose is to unveil the stabilization mechanism of such layered AF
structure diﬀerent from the simple Ne´el structure on the basis of the double-exchange model.
In this paper, we provide a simple scenario to understand the magnetic structure in chromium
dihalides on the basis of the double-exchange model with orbital degree of freedom. First we
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Figure 1: (a) Crystal structure of CrCl2. Large blue and small green solid circles denote Cr
and Cl ions, respectively. Hatched region denotes CrCl6 octahedron. (b) Layered AF structure
observed in CrCl2.
consider a body centered cubic (bcc) lattice without any distortions, but unfortunately, we
notice that the layered AF structure of CrCl2 never appears as the ground states in the bcc
lattice. Then, we treat the TiO2-type (Rutile-type) structure lattice, which is obtained from the
bcc lattice by pressing it along the c-axis. When we include such distortion along the c-axis, we
eventually obtain the layered AF structure as the ground state in a wide range of the parameter
space. Throughout this paper, we use such units as h¯ = kB = 1.
2 Model and Formulation
As mentioned above, divalent Cr ion possesses the electron conﬁguration 3d4 with one electron
in eg and three electrons in t2g orbitals. This is the same conﬁguration as that of trivalent
manganese ion. In manganites, eg electrons smoothly move in the FM t2g spin arrangements
with the penalty of magnetic energy, while they are localized for AF t2g spins with the gain
of magnetic energy. The situation is well described by the following orbital degenerate double-
exchange model:
H = −
∑
i,a,γ,γ′
Di,i+at
a
γγ′c
†
iγci+aγ′ +
∑
i,a
JaAFS
z
i S
z
i+a, (1)
where i denotes a site, a indicates a vector connecting neighboring sites, ciγ is an annihilation
operator for a spinless eg electron in the γ orbital, γ = a and b denote x
2 − y2 and 3z2 − r2
orbitals, respectively, taγγ′ denotes the hopping amplitude between γ at site and γ
′ orbitals along
the a direction, Siz indicates the t2g spins which are assumed to take +1 or −1, JAF denotes the
AF coupling between t2g spins at the sites connecting by the vector a, and Di,j = (SizSjz+1)/2.
We note that D = 1 for FM spin pair, while for D = 0 for AF spin pair.
Let us consider the vector a in the lattice of the Rutile-type structure, which is obtained
by pressing the bcc lattice along the c-axis. Note that the Cr ions in the Rutile-type structure
form two sub-lattices. Here we deﬁne the length a and c between neighboring sites along a-
and c-axes, respectively. The vectors connecting the diﬀerent sub-lattices are given by a0 =
(a/2, a/2, c/2), (−a/2, a/2, c/2), (a/2,−a/2, c/2), and (a/2, a/2,−c/2). On the other hand, the
vectors connecting the nearest-neighbor sites in the same sub-lattice are given by ax = (a, 0, 0),
ay = (0, a, 0), and az = (0, 0, c). We note that the vector ann for the nearest-neighbor sites is
given by ann = a0 for 1 ≥ c/a >
√
2/3, while for c/a <
√
2/3, ann = az.
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The hopping amplitudes are expressed with the use of Slater-Koster integrals [8], but we
should pay due attention to the fact that the distances between the neighboring sites are diﬀerent
among a = a0, ax, and az. Throughout this paper, we deﬁne (ddσ), (ddπ), and (ddδ) as the
Slater-Koster integrals between eg orbitals in the sites connected by a = ax and ay. For a = a0
and az, it is not necessary to introduce new Slater-Koster integrals, but we faithfully consider
the dependence of the Slater-Koster integrals on the distance d between the sites connected by
a. Namely, we take into account the fact that the Slater-Koster integrals are proportional to
d−7/2 [9]. Thus, we introduce the factor ηa as ηa = (|a|/a)−7/2. For a = a0 and az, we obtain
ηa0 = (1/2 + r
2/4)−7/4, ηaz = r
−7/2, (2)
with r = c/a, which indicates the degree of the distortion of Rutile-type crystal structure.
Then, the hopping amplitudes ta0γ,γ′ are given in the matrix form as
ta0γγ′ = ηa0
(
2
2+r2 (ddπ) +
r2
2+r2 (ddδ) 0
0 ( r
2−1
2+r2 )
2(ddσ) + 6r
2
(2+r2)2 (ddπ) +
3
(2+r2)2 (ddδ)
)
. (3)
On the other hand, for a = ax, ay, and az, we obtain
taxγγ′ =
(
3
4 (ddσ) +
1
4 (ddδ) −
√
3
4 (ddσ) +
√
3
4 (ddδ)
−
√
3
4 (ddσ) +
√
3
4 (ddδ)
1
4 (ddσ) +
3
4 (ddδ)
)
, (4)
t
ay
γγ′ =
(
3
4 (ddσ) +
1
4 (ddδ)
√
3
4 (ddσ)−
√
3
4 (ddδ)√
3
4 (ddσ)−
√
3
4 (ddδ)
1
4 (ddσ) +
3
4 (ddδ)
)
, (5)
and
tazγγ′ = ηaz
(
(ddδ) 0
0 (ddσ)
)
, (6)
respectively. Note here that ηax = ηay = 1 from the deﬁnition.
Concerning the AF coupling JaAF, we consider that J
a
AF is given by the second-order pertur-
bation in terms of the electron hopping along the a direction. Thus, we obtain Ja0AF and J
az
AF,
respectively, as
Ja0AF = η
2
a0JAF, J
az
AF = η
2
azJAF, (7)
where JAF is introduced as JAF = J
ax
AF = J
ay
AF.
Since we do not have any ideas on the kinds of t2g spin patters stabilized in the orbital
degenerate double-exchange model on the Rutile-type structure lattice, ﬁrst it is necessary to
search the ground states by calculating the kinetic and magnetic energies for all possible t2g
spin patters. In order to perform such unbiased calculations faithfully, we choose a small-sized
cluster such as 16-site bcc lattice, composed of two 2× 2× 2 cubes as sub-lattices. Throughout
this paper, the energy unit is ﬁxed as (ddσ) = 1. Thus, we perform the search of the ground
state for the parameter set of r, (ddπ), (ddδ), and JAF.
3 Calculation Results
3.1 Case of bcc lattice
First we consider the case of r = 1, i.e., the bcc lattice without any distortions. In Fig. 2(a),
we show the typical result for the ground-state energy as a function of JAF for (ddπ) = 1.0 and
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Figure 2: (a) Ground-state energy vs. JAF for r = 1, (ddπ) = 1.0, and (ddδ) = 0.4. The
broken line denotes the energy for the layered AF structure, which is apparently higher than
the energies of any ground states. (b) FM state for t2g spins. (c) The t2g spin patters in the
region (c) in Fig. 2(a). (d) Ne´el state for t2g spins.
(ddδ) = 0.4. The magnetic structures are shown in Figs. 2(b)-2(d), corresponding to the regions
(b)-(d) in Fig. 2(a), respectively. For small JAF, we observe the FM state to gain the kinetic
energy, while for large JAF, the Ne´el state is obtained so as to maximize the magnetic energy
gain. This result is quite natural from the competition between the itinerant and localized
properties included in the model. For 0.03 < JAF < 0.05, we ﬁnd a complicated magnetic
structure, as shown in Fig. 2(c), in which one of the bonds along [111] and its equivalent
directions becomes FM to gain the kinetic energy.
Note, however, that we do not ﬁnd the layered AF state consistent with Fig. 1(b) as the
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Figure 3: (a) Ground-state phase diagram for (ddπ) = 0.2 and (ddδ) = −0.4. Roughly speaking,
we obtain the layered AF state as the ground state in the region of 0.2 < JAF < 0.4 and r < 0.65.
(b) A-A type t2g spin arrangement. Here “A-A” denotes that t2g spins in both sub-lattices take
the same A-type AF structure. (c) C-C type t2g spin arrangement, corresponding to the layered
AF structure in CrCl2, Fig. 1(b). (d) G-G type t2g spin arrangement.
ground state. In fact, the total energy for the layered AF structure, shown by the broken line in
Fig. 2(a), is apparently higher than the ground-state energy. We have repeated the calculations
for possible values of (ddπ) and (ddδ), but unfortunately, we have never found the layered AF
state as the ground state. Then, we have arrived at the conclusion that the layered AF state
cannot be stabilized in the orbital degenerate double-exchange model on the bcc lattice.
3.2 Case of Rutile-type lattice
Since we could not ﬁnd the layered AF structure of CrCl2 in the bcc latice, next we attempt
to include the eﬀect of the distortion of TiO2-type (Rutile-type) structure, which is obtained
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from the bcc lattice by pressing it along the c-axis. In the present calculation, it is necessary
to decrease r from unity. In Fig. 3(a), we show the typical result for the ground-state phase
diagram on the plane of r and JAF for (ddπ) = 0.2 and (ddδ) = −0.4. At a ﬁrst glance, we
immediately notice that the character of the phase diagram is drastically changed around at
the boundary r ≈ 0.7. For 0.7 < r < 1.0, the ground state is always Ne´el type, except for
JAF = 0, even if JAF is changed in the present range. On the other hand, for r < 0.7, we ﬁnd
the varieties of the magnetic ground states due to the change of JAF.
As for the existence of such a boundary, we point out that the conversion of the nearest-
neighbor sites occurs at r =
√
2/3 = 0.82. Since in the present calculations, we evaluate
both the kinetic and magnetic energies in the model with several kinds of neighbors, the value
may be deviated, more or less, from 0.82. However, the change of the nearest-neighbor site is
believed to impact on the magnetic ground state, since in the present scenario, the ground state
is determined by the competition between kinetic and magnetic energies.
In Fig. 3(b), we exhibit the magnetic structure which we have obtained in Fig. 3(a). We
emphasize that the layered AF structure actually becomes the ground state in the left-hand
side of the phase diagram, after the vector connecting the nearest-neighbor sites is changed
from a0=(a/2, a/2, c/2) to az=(0, 0, c). Namely, the magnetic ground state is mainly governed
by the AF interaction along the c-axis in the region of r < 0.7. This fact seems to appear in the
order of the magnetic ground states when JAF is increased for r < 0.7. Since the Ne´el state has
the FM bond along the direction of az, it appears in the small JAF region for r < 0.7. When
we increase the value of JAF, we ﬁnd the change of the ground states in the order of A-A, C-C,
and G-G types, as shown in Fig. 3(b). All these AF structures have the AF bond along the
direction of az, but the ground state is determined due to the balance between the FM and AF
bonds along the directions of a0, ax, and ay. Note that the ground state in the 2× 2× 2 cube
has been found to be changed in the order of FM, A-AF, C-AF, and G-AF when we increase
the value of JAF [10]. The present result seems to be consistent with that for the cubic case,
when we consider only the magnetic structure in one sub-lattice.
Here we deduce the values of r for CrF2 and CrCl2 from the experimental data of lattice
constants a, b, and c. For CrF2, we obtain a = 4.73A˚, b = 4.72A˚, and c = 3.51A˚, whereas for
CrCl2, we ﬁnd a = 6.64A˚, b = 5.98A˚, and c = 3.48A˚[2]. Since the orthorhombic distortion is
rather large in CrCl2, it is diﬃcult to make quantitative comparison with the present results.
However, we ﬁnd the rough tendency of the value of r = 2c/(a + b), by using the average
value (a + b)/2 instead of a. Namely, we obtain r = 0.743 and r = 0.552 for CrF2 and CrCl2,
respectively. Qualitatively, it is believed that CrCl2 is situated in the left-hand side of the
phase diagram with the appropriate value of JAF, while CrF2 is in the right-hand side of the
phase diagram with the same value of JAF as that of CrCl2. In any case, the controlling
parameter r of the Rutile-type crystal structure plays a key role to understand the diﬀerence
in the ground-state magnetic structures between CrF2 and CrCl2.
Note, however, that when we change the Slater-Koster integrals, we observe that the area
of the layered AF state (C-C type) becomes narrow and sometimes it disappears. This result
seems to suggest that the layered AF state has fragile nature in the present calculation, but it
is rather consistent with the experimental fact that the layered AF structure is found only in
CrCl2 and in other Cr compounds, we always obtain the Ne´el structure.
4 Discussion and Summary
In this paper, in order to understand the diﬀerence in the magnetic ground states between CrF2
and CrCl2, we have analyzed the orbital degenerate double-exchange model on the Rutile-type
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structure lattice. We have conﬁrmed the appearance of the layered AF state (C-C type),
corresponding to the magnetic structure of CrCl2, only when we have included the distortion
of the Rutile-type structure.
In order to check our scenario, it is possible to design an experiment to detect the change
of the Ne´el to the layered AF structure by a uniaxial pressure on CrF2 or other chromium
compounds. However, when we apply the strong uniaxial pressure, the sample may be destroyed.
Thus, it is necessary to choose the chromium compound with the Ne´el ground state characterized
by a small value of r, so as to realize the magnetic phase transition by the small uniaxial pressure.
We expect the performance of such an experiment in future.
However, there exists some problems in the present approach to explain the magnetism in
chromium dihalides. The ﬁrst one is the concern about the lattice size. In this paper, we have
considered only the minimum size (16 site) for the bcc lattice, in order to perform the search of
the parameter space for the layered AF structure. For the comparison with actual materials, it
is necessary to carry out the calculations in a larger-size lattice or in the thermodynamic limit.
One simple way to improve this point is to exploit a Monte Carlo simulation to conﬁrm the
existence the layered AF state in the orbital degenerate double-exchange model on the Rutile-
type structure with a large-size cluster. We will perform such calculations in near future.
Another problem is that we do not obtain the insulator solution for the layered AF state,
since eg electrons gain the kinetic energy in the FM plane. The actual material CrCl2 is known
to be an insulator and this point should be discussed seriously. One way is to include the eﬀect
of Jahn-Teller distortion of the octahedron CrCl6. If the Jahn-Teller distortions cooperatively
occur in an anti-ferro manner in the Rutile-type structure, the bipartite distortions are obtained
in the FM plane for the layered AF structure. Note here that we consider the quarter-ﬁlling
case with one eg electron per site. Anti-ferro-type distortions provide periodic potentials for eg
electrons, leading to the band-insulating state [6, 7].
In actuality, it is also necessary to include the eﬀect of Coulomb interactions among eg
electrons. From the discussion in the two-orbital model, we can expect the appearance of the
Mott insulating orbital-ordered state in the FM state. This insulating state is considered to be
connected with the band-insulating state induced by the cooperative Jahn-Teller eﬀect. In fact,
the inter-orbital Coulomb interaction has been known to work so as to enhance the Jahn-Teller
energy in the mean-ﬁeld approximation [11]. Thus, when we include the eﬀect of cooperative
Jahn-Teller distortion and the inter-orbital Coulomb interaction, we expect to obtain correctly
the insulating state for the layered AF phase. This is one of future problems.
As for the eﬀect of Coulomb interactions, we turn our attention to the result that the ground
state and magnetic excitations are described by the S = 2 Heisenberg model [12, 13]. Such a
viewpoint has not been at all included in the present calculation, but the local spin S = 2 is
formed by eg and t2g electrons coupled tightly with each other by the strong Hund coupling.
The relation of the present model with the S = 2 Heisenberg Hamiltonian will be another issue
in future.
In summary, we have provided the scenario to understand the magnetic structure in chromium
dihalides on the basis of the double-exchange model with orbital degree of freedom. We have
clariﬁed that the distortion along the c-axis, leading to the Rutile-type crystal structure, is
indispensable to obtain the layered AF structure as the ground state.
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